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Abst ract - -Th is  paper deals with the blowup rate and profile near the blowup time for the system 
of diffusion equations ui, - Aui = u~. l (xo, t), (i = 1,. . . ,  k, Uk+l := ut) in ~ x (0, T) with boundary 
conditions ui = 0 on 0fl x [0, T). We show that the solution has a global blowup. The exact rate of 
the blowup is obtained, and we also derive the estimate of the boundary layer and on the asymptotic 
behavior of the solution in the boundary layer. © 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper,  we consider posit ive solutions to the system of diffusion equations coupled with 
local ized source 
uit /ku~ P~ • = + U~+l(X0, t), 
Ui = O, 
u~(x, 0) = u~,0(x), 
i = 1 , . . .  ,k,  Uk+ 1 :=  Ul, x E fl, t > 0, 
x E 0n ,  t > 0, 
xE~,  
(1) 
where Pi > 1, i = 1, . . . ,  k. f~ C R N is a bounded omain with smooth boundary 0f~. Ui,o(x) are 
nonnegative nontrivial continuous functions in f~, vanishing on the boundary. 
Equat ions  (1) descr ibe a physical  phenomenon where the react ion in a dynamica l  system is 
dr iven by the temperature  at a single point  (see [1,2]). For the single more general equat ion 
u, = ~xu +/ (~(xo( , ) , t ) ) ,  xen ,  t>o ,  
the blowup propert ies of solutions has been studied by a number of authors.  Cannon and Yin [3] 
s tudied the local solvabil ity, Chadam et al. [4] invest igated the above equat ion with super l inear 
0898-1221/01/$ - see front matte r (E) 2001 Elsevier Science Ltd. All rights reserved. Typeset by ,4A4S-TEX 
PII: S0898-1221 (01)00200-0 
808 M. PEDERSEN AND Z. LIN 
convex nonlinearities f, in the case when xo(t) is a constant point x0 and proved that u(x , t )  
blows up in finite time for all large nonnegative initial data, and the blowup set is the whole 
domain. 
Wang and Chen [5] studied the solution in the one-dimensional c se (with f (u)  = u p, p > 1, 
and xo(t) -- 0), and for a restricted class of initial data, truing the techniques of Giga 
and Kohn [6-8] and of Friedman and Macleod [9], they obtained the growth rate of the blowup 
solution, the asymptotic behavior and observed that the boundary layer phenomenon occurs, 
that is, when t is sufficiently close to T, u(x, t) (T - t) U(p- 1) approximately equals (p - 1)- 1/(p- 1) 
in ( - l  + 5,1 - 5), where 5 tends to 0 as t tends to T. The region near the boundary where the 
solution follows a fast transition between the blowup regime and the assigned zero boundary 
condition is called the boundary layer. 
Recently, Souplet in [10] studied large classes of equations with nonlocal nonlinear eaction 
terms, and described the uniform blowup behavior of solutions (in the interior). Moveover, the 
author introduced a new method for investigating the profile of the blowup and derived sharp 
estimates on the size of the boundary layer and on the asymptotic behavior of the solutions in 
the boundary layer. 
We remark that a lot of work have been done in the past few years on the blowup of solutions 
to local semilinear parabolic equations and systems. In the case of a single equation 
ut - AU = u p, 
the blowup rate, blowup set, and asymptotic behavior were studied, see for example, [6-9,11-14] 
and the survey papers [15,16]. For the systems 
uit - Aui = Ui+l,P~ (i ---- 1,  . . . , k ,  Uk+ 1 :---- U l )  , 
there are a number of results for the blowup rates and blowup set, see for example, [17-22] and a 
survey [23] for k = 2. System with k = 3 was studied in [24,25] for general k. To our knowledge 
there are no results on the asymptotic behavior of blowup solutions. 
The purpose of this paper is to present the blowup rate and the profile of the solutions to (1). 
We first prove that the solutions blow up in finite time T (Theorem 2.1), then give the estimates 
of the blowup rates (Theorem 3.1). Finally, we use Souplet's result in [10] to estimate the size 
of the boundary layer and determine the asymptotic behavior of solutions in the boundary layer 
(Theorems 4.1 and 4.2). 
2. BLOWUP IN  F IN ITE  T IME 
We assume that fl is a bounded omain in R N with C 2 boundary. In this and the following 
sections, A1 (fl) and ¢1 (x) denote the first eigenvalue and the first eigenfunction f the following 
eigenvalue problem: 
A¢ + A,¢, = O, x e r ,  
¢=0,  x c Off, 
and ¢1 (x) satisfies the positivity condition 
~) l (X)  > O, XE~'~, / ¢ l (x )  dx=l .  
Now we present the maximum principle that will be used in the sequel. 
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LEMMA 2:1. Let (u l , . . . ,  uk), (uk+l := ul) be the classical solution of the problem 
uit " Au~ >_ ci(x,t)u~+l(xo, t), x e fl, 0 < t <_ T, 
ui = O, x ~ O~, O < t <_ T, 
u~(x, O) > O, x e f~. 
(2) 
I f  0 < c~ (x, t) < Ci (i = 1 . . . .  , k), then 
u~(x,t) > 0, i = 1, . . .  ,k for all (x,t) ~ a x [0,T]. 
k PROOF. Let K = )-~i=l Ci and define w~ = e-Ktul; we conclude that wi >>_ 0 on ~ x [0, T]. In 
fact, if min(wl, w2,. . .  ,wk)(27,t) < 0 for some (x,t) E ~ x [0,T], min(wl, w2, . . . ,  wk)(x, t) takes 
negative minimum in f~ x (0, T] (it cannot take negative value at the boundary or the initial time). 
Without loss of generality, we assume that min(wl, w2, . . . ,  Wk)(X, t) takes negative minimum at 
(271,tl) and wl(271,tl) <_ w~(xl,t l) ,  i = 2, . . . ,  k. Using the first inequality in (2), we find that 
wit - Awl  > -Kwl (x , t )  +cl(x,t)u2(xo, t)e -Kt, (x,t) E f~ x (0,T] 
and then 
tUlt(Xi, tl) -- ~W1(271, tl) ~ -gwl (X l ,  tl) -l- c1(271, ti)?~2(x0, tl)e -Ktl  
= -Zwi  (27i, t i) -{- ¢i (Xl, ti)w2 (x0, $i) 
>_ -Kwl  (xl, tl) + Cl(Xl, t l )wl  (Xl, tl) 
>_ -Kwl(271,h)  + Clwl(271,h) > 0 
since that 0 < cl (xl, tl) _< C1 and 
(a) 
W2(270, tl) ____. rain(101,..., Wk)(X0, $1) 
> min(wl,..., wk)(Xl, t l )  = w1(xl ,  tl). 
On the other hand, wl(x,  t) attains negative minimum at (xl, tl), so 
Wlt(Xl, i~1) -- AWl (Xl, tl) __~ 0, 
which leads to a contradiction to inequality (3). Thus, rain(w1,... ,  wk) >_ 0 on ~ x [0, T] and 
u~(z, t) >_ o (i = 1 , . . . ,  k) on ~ x [0, T]. 
Constructing the upper solution and subsolution, we obtain the global existence and blowup 
result. 
THEOREM 2.1. I f  plp2 . . . Pk <-- 1, the solution of (I) exists globally for any nontrivial nonnegative 
initial data. / /p i  > 1 (i = 1, . . . ,  k), the solution of (1) blows up in finite time for a// sufficiently 
large nonnegative initial data. 
PROOF. Local existence is clear, there exist T > 0 and a time maximal solution (ul(x,t) ,  
... ,uk(x,t ) )  of (1), classical on ~ x [0,T) if ui,0 is continuous on ~ and vanish on the boundary. 
Following a standard Schauder's Fixed-Point Theorem, we arrive at the result. (See [26], where 
a detailed account of local existence for nonlocal parabolic equations is given in the appendix.) 
k If T < +co, then limt-.T ~i=1 max~ui(., t) ---- +co. Moreover, the system is completely coupled, 
so if T <: +co, then limt-,T maxi~ui(., t) = +co (i ---- 1 . . . . .  k). 
We will apply the comparison principle in [e, T1] C (0, T). It is not clear whether the comparison 
principle applies in [0, T1] because the nonlinearity is not necessarily locally Lipschitz if pj < 1. 
But from Lemma 2.1 it applies if ui(x0, t) (i = 1, . . . ,  k) are bounded away from zero. 
Without loss of generality we assume that ul,0(x) _> 0 and ul,0(x) 7 t 0. Let v be the solution of 
vt - Av = 0 in f~ x (0, co) with initial condition v(x, O) = ul,0(x). It follows from the maximum 
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principle for the heat equation that ul _> v as long as ul exists. Moreover, v(x,t) > 0 in 
fl × (0,oo). On the other hand, uk satisfies ukt -- Auk = uP'(xo, t) >_ vP'(xo, t) > 0 in ~ x (0,T) 
with Uk,o(X) >_ O. So uk(x,t) > 0 in ~ x (0,T). Similarly, we have ui(x,t) :> 0 (i = 1,.. .  ,k) in 
x (0,T). Therefore, for any e > 0 and T1 < T, there exists c > 0 such that u~(xo, t) > c (i = 
1, . . .  ,k) on [~,T~]. 
If pip2.. .Pk _< 1, let 
f~ -~" fP41' i= l , . . . , k ,  fk+l : :  f l ,  t>0,  
f~(0) = max ~(x ,  E). 
It is easy to infer that ( f l ( t ) , . . . ,  fk(t)) is a super solution of (1) and exists globally. The maximum 
principle then implies that (u l , . . . ,  uk) is global. 
I fpi  > 1 (i = 1,. . .  ,k), let B(xo, d) be the ball centered at xo with the radius d > 0 such that 
B(0, d) c ~ and let (wl (x, t ) , . . . ,  wk(x, t)) T be the solution of the auxiliary problem 
w~ - hwi  = wf$1(x0, t), 
Wi ~ O~ 
Wi(X, ~) = Wi,O(X, ~), 
x E B(xo, d), t > ~, 
x ~ OB(xo ,  d), t > e, 
x e ~(zo, d), 
where wi,o(X, e) are nonnegative smooth symmetric, radially nonincreasing functions which are 
less than ui(x,e) on B(xo,d). In fact, as ui(xo,e) > 0, there exist 5 such that 0 < 5 < d 
and ui(x,e) > ui(xo, s)/2 on B(xo,5). Take wi,o(X,e) = 7]ui(x,s) on B(O,d) with ~ smooth 
symmetric, radially nonincreasing function satisfying 0 < ~] < 1 in B(0, 5) and ~ = 0 in B(0, d) \ 
B(0,5), and we get that wi,o(x,e) <_ ui(x,e) on B(O,d). By Lemma 2.1, we may then apply the 
comparison principle to deduce that ui >_ wi for t _> e as long as ui exist. On the other hand, 
since wi,o are symmetric and radially nonincreasing, it follows that wi(x, t) are symmetric and 
nonincreasing for all t, so that (Wl, w2,. . . ,  wk) satisfies 
- w~+l(x,t), 
Wi ~ O, 
W~(X, ~) = Wi,O(X, ~), 
x E B(xo, d), t > ~, 
x E OB(xo, d), t > e, 
x c -B(xo, d), 
since wi(xo,t) >_ wi(x,t) for x e B(O.d),t > ~. 
From the following lemma, (wl, . . . .  wk) blows up in finite time if wi,o are sufficienently arge, 
and so does (u l , . . . ,  uk) if ui,o are sufficienently arge (if ui,o are changed into some large multi- 
plum Aui,0, we can take Awi,0 instead of wi,0 to make sure that (wl , . . .  ,wk) blows up).  
LEMMA 2.2. The solution of the problem 
~Ait -- AU i  -~ uP;1 , 
U i ~ O, 
udx,0) > 0, 
x e f~, O < t <_ T, 
x ~ O~, 0<t<_T ,  
xE f l ,  
(4) 
blows up in finite time ff the initial data are large enough. 
PROOF. We introduce the following notation: 
Ai(t) := £ u~(x,t)¢l(x) dx, 
S(t) := EAr ( t ) ,  p := minpi > 1. 
$ 
i 
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Multiplying the equations in (4) by ¢1, integrating by parts and using the fact that 
A¢1 + A¢1 = 0, 
we obtain 
• ~u i t¢ ldX=-A l~Ui¢ ldx+~ ui+1¢1 p' dx. 
From Jensen's inequality and the fact that f~ ¢1(x) dx = 1, we find that 
Pl A~ _> -AIAi + Ai+ 1, i = 1 , . . . ,k .  
Adding these inequalities yields 
B'(t) >_ -AIB(t)  + E p'  Ai+l(t) 
i 
_> -AIB(t)  + (maxAi+l(t)) p
- )hB( t )  + -~B(t) (5) 
for t > O. Then (5) implies that if 
U(0) = ~.  ~ Ui,0¢ 1 dx > (,,~lkP) 1/(p-l) , 
then B(t) blows up in finite time, hence, so does the solution of (4). 
REMARK 2.1. We remark here that the blow-up result for the Cauchy problem with localized 
reactions and the corresponding result for the Cauchy problem with nonlocal reactions are notably 
different. 
For the problem 
Uit "~ AUi'~-UP~l(XO,t), i=  l , . . . , k ,  Uk+l := Ul, x E R N , t>0,  
u (x, o) = u, ,o(z) ,  • • Ru  ' (6) 
we have: ifpi > 1 (i = 1, . . . ,  k), then all nontrivial solutions of (6) blow up. 
For the problem 
u i t=Au i+UP~l (x , t ) ,  i = 1 , . . . ,k ,  Uk+l :=Ul, xER N, t>0,  
u (x,0) = x • R N, (7) 
we have: if pi > 1 (i = 1, . . . ,  k) and max(a1, . . . ,  ak) >_ N/2, then all nontrivial solutions of (7) 
blow up while if Pi > 1 (i = 1, . . . ,  k) and max(a1,. . .  ,ak) < N/2 then there exist both small 
solutions and blowup solutions. 
The above result (with nonlocal reactions) follows from a comparison principle with (u l(x, t), 
• .-, U_U_k (X, t)), where 
fo T Pl ui(x,t ) :----u(t):---- Ui+l(XO, S) ds. 
For the other result (with localized reactions), if Pi > 1 (i = 1, . . . ,  k) and max(a1, . . . ,  c~k) > 
N/2, the proof of the blow-up result is very similar to that in [24] which studied (7) with k = 3. 
If pi > 1 (i = 1,. . .  ,k) and max(a1,. . .  ,ak) < N/2, the proof of the blow-up result for large 
solution is similar to that of Lemma 2.2, with ¢1 replaced by ¢ := 7r-N/2e -Ix12 . The existence of 
a small global solution can be obtained by constructing a super solution of the self-similar type 
( 'xl2 ~ t>O,  xER N. ~i(x, t) = Ci(1 + t) a' exp 4pl . - . .p i -1] '  
As for the problem in unbounded omain, it is not clear whether the same phenomenon occur. 
To our knowledge, no answer is available in the literature. 
812 M. PEDERSEN AND Z. LIN 
3. BLOWUP RATE ESTIMATE 
Throughout this paper, we shall use c and C to denote various generic onstants if there is no 
chance of confusion. We denote 
T 
fi(t) fo v ,  = ?£i+1 (X0' t) ,  (8) 
and denote (a l , . . . ,  ak) T the solution of 
/2 0 o0 0) 
1 -P2  . . .  0 0 0 
0 0 .. .  0 1 -Pk-1 
-Pk 0 0 .. .  0 0 1 
O~k-1 
\ c~k 
(9) 
We first show some properties of the solution of (1). 
LEMMA 3.1. Let (Ul . . . .  ,uk) be the classical solution of (1) in ~ x (0,T), which blows up in 
tinite time T. Then we have 
(i) -C1 <_ -Au i (x ,  t) < max(sup0<s< t u~v~_l (s), C1), i = 1 , . . . ,  k in ~ × IT~2, T) for some C1 ;. 
(ii) 0 < ui(x,t) < C2 + fi(t), i = 1,... ,k in ~ × [T/2,T) t'or some C2; 
(iii) l imt~T u~ (x , t ) / f i ( t ) = limt-,T l u~ (t ) ] oo / f i ( t ) = 1 uniformly on compact subsets of ~; 
(iv) limt-~T uit(x, t ) /u~l(xo,  t) = 1 and limt-~T Au~(x, t) /u~l(Xo, t) = 0 uniformly on com- 
pact subsets ofl2 ffAui,0(x) + UV~l,o(Xo) >_ 0 in ~. 
The results are from Lemma 4.3, Lemma 4.4, Theorem 4.1, and Proposition 4.2 in [10]. The 
first two follows from a maximum principle and the last two follows from the study of linear 
problems with blowing-up source. 
Next, we establish a relationship among the ui(xo, t), and then give the estimates of ui near 
the blowup time T. 
LEMMA 3.2. There exist T1 < T and 6 such that 
' 1/a j  • 1/a~ ~maxu~ (xo,t) <_ mmu i (xo,t), t E (T1,T), (10) 
3 
where (a l , . . . ,  ak) is the solution of (9). 
PROOF. As in [25,27], we argue by contradiction. Without loss of generality, we may assume 
that there exists a sequence {tn} with tn ~ T as n --* c¢ and I q {2, 3 , . . . ,  k} such that 
1/at ul/" l (zo,tn)  = m axu~/"J(zo,t,~), ult/"'(xo,t,~)ul (xo,tn) -* O. (11) 
3 
From Lemma 3.1, we have 
T 
u~(x,t) < C2 + f~(t), x e ~2, ~ < t < T, 
=~(xo, t) ~ f~(t), as t --, T, 
uit(xo, t) ~" U~l(xo, t), as t --* T 
uniformly on compact subsets of ~. Then there exists TI < T, such that 
u~t(zo, t) > o, t >_ T1, 
u~(x,t) < 2u~(xo,t), x e 12, t > T1. 
(12) 
(13) 
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We now introduce the scaling as in [6,28]. Let 
An := A(tn) := ull/(2aD(Xo, tn), (14) 
~24,. (Any+xo, A2s+tn),  (y,s) e-~-~x In(T), (15) ¢~°(y,~) :=-,n ~, 
where I,~(t) := (-A~2tn, An2(t - tn)), ~n := {Y : Any + xo E ~}. Clearly, An ---* 0 as n --~ co and 
" ' ,¢k ) solves 
= ¢i+l(0, s), y E ~2~, s E I~(T) (16) 
and satisfy 
An ¢1 (0, O) = 1, (17) 
0 < ¢~n(y, s) = A2nalUl (Any ~- xo,A2n s + tn),  
--<~ A2n °t' 2Ul (Xo, A2n 8 -[- tn),  (by (13)) (18) 
_< 2, (by (14)), 
0 _< ¢~o(y,s) = A2o,~n ~ (Any + ~o,A~ + tn), 
< A~°'2~, (~0, A~ + t~), (by (13)) 
(19) 
<-- "'n)~2al O'~°°~J/cq"~l (XO, A2n s "-[-tn) , (by (11)) 
_< 2, (by (14)), i = 2 , . . . , k ,  
An 0 < Cz (Y, s) <_ 2ut(xo,t~)u-~a'/"'(zo,t~) (20) 
for y E ~n,s E (-A~2tn,0] and n sufficiently large such that tn <_ T1. It follows from the 
parabolic estimates in [29] that there is a # E (0, 1) such that for any K > 0, 
¢~° c~+,"+-~(~onl~l<~×[-~,ol) < C~, (21) 
where the constant CK is independent of n. Hence, we obtain a sequence converging to a solution 
of (16) in R N x (-co,0] such that ¢1(0,0) = 1 and ¢1 - 0, which leads to a contradiction. This 
prove (10) for t > T1. 
Now we can easily derive the estimate of the blowup rate, which will be useful in the following 
section. 
THEOREM 3.1. Let (Ul , . - . ,Uk) be the classical solution of (I) in f~ x (O,T), which blows up in 
finite time T and AU~.o (x) P~ + ui+l,o(Xo ) > 0 in ft. Then there exist constants c and C such that 
c(T - t )  -~  <_ max u i (x , t )<C(T - t )  -a', i= l , . ,  k, O<t<T.  (22) 
x [0,t] "' 
PROOF. We only need to prove it for t near T. From (ii) and (iii) of Lemma 3.1, we only need 
to prove that 
c(T - t )  -~  <_ ui(xo, t) <_ C(T -  t) -~ ,  i = 1 , . . . ,k ,  
for t near T. 
It follows from (iv) of Lemmas 3.1 and 3.2 that there exists T2 < T such that 
1 p~ 
2ui+l(xo,t), T2 <_ t < T, (23) 5UiTl(XO,t ) ~ Uit(Xo, t ) ~ Pl 
ui+l(zo,t) <_ 5-a'+'u~'+'/a~(zo,t), T2 <_ t < T. (24) 
Then it follows that 
1~-1-~' (l+~d/~'(xo,t) < uit(xo,t) < u~ (x0,t) (25) ~0 U i __ __ 25-1-ai  (l+ad/a~, 
for T2 ~ t < T. Integrating this inequality, we find 
c(T-t ) -a '<-u i (xo,  t )<_C(T - t )  -~', i= l , . . . , k ,  T2<t<T,  (26) 
and we conclude (22). 
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4. BOUNDARY LAYER 
In this section, we estimate the size of the boundary layer and consider the behavior of the 
solution near the blowup time in the boundary layer. The following results are due to Souplet, 
his method in [10] for case k = 1 is suitable to the general case. We present it here for the sake 
of completeness. 
We denote 
d(x) = dist(x, 0fl) 
and consider the problem 
ut = Au + g(t), x E gt, t > O, 
u=O,  xeOft, t>O,  
0) = z e a. 
(27) 
If there exist constants kl > 0 and k2 > 0 such that 
k l (T - t )  -1 < g(t) " <k2(T - t )  -1, 
- g (s )ds  - 
as t T, (2s) 
we say that g is standard. 
LEMMA 4.1. Assume that g is nonnegative and let u be the classical solution of(27) in ~ x (0, T), 
which blows up in finite time T. g g is standard. Then, for a/ /K  > 0, there exist someconstants 
C2 >_ C1 > 0 and some to E (0, T) such that u satisfies the estimate 
T 
C1 g(s) ds <_ u(x, t) <_ C2 g(s) ds, (29) 
for all (x, t) in ~ x [to, T) such that d(x) < Kv/T - t. 
LEMMA 4.2. Assume that g is nonnegative, continuous on [0, T) and Hhlder continuous on (0, T), 
and let u be the classical solution of (27) in ~ × (0, T ), which blows up in finite time T. If  f [ g(s) ds 
is standard, there exist some constants C3 > 0 and to E (0, T) such that 
T- t  
lu(x,t)[oo (1 -  C3 d -~ ) < u(x,t), (30) 
for all (x, t) in ~ x [to, T). 
These two lemmas are from Theorems 4.5 and 4.6 in [10]. Under the assumptions of Theo- 
rem 3.1, it is easy to check that uP~_l(Xo, t) are standard for i = 1 , . . . ,  k if pi > 1 since we have 
that uPj~l (x0, t) ~ (T - t)1+~ as t --* T." Moreover, if 1 < pi < kkv/F~, f [  uPS1 (Xo, s) ds are also 
standard for i = 1 , . . . ,  k since we have that f :  uPj~l(xo, s) ds ~ (T - t) a' as t --~ T. Hence, we 
have the following. 
THEOREM 4.1. Assume that (Ul,...,Uk) be the classicaJ solution of (1) in ~ x (0, T), which 
blows up in finite time T and Aui,0(x) + u~l,o(Xo ) > 0 in ft. Then, for M1 K > 0, there exist 
some constants C2 >_ C1 > 0 and some to E (0, T) such that 
cl l ,(x,t)to  < u,(x,t) < c  tu,(x,t)loo, (31) 
for i = 1 , . . . ,  k and aft (x, t) in fl x [to, T) satisfying that d(x) < Kvf-T-  t. 
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THEOREM 4.2.  Assume that  (U l , . . .  ,uk)  be the classical solution o f  (1) in f2 × (O,T),  which 
p~ blows up in finite time T and Aui,o(X) + Ui+l,0(x0) ~_ 0 in f2. Then, if I < Pi < ~ + 1 for 
i ---- 1 , . . . ,  k, there exist some constants C3 > 0 and to E (O,T) such that 
]ui(x,t)loo (1 - C T -  t~ < 3 ) i= l , . . . , k ,  (32) 
for ali (x, t) in f l  × [to, T).  Therefore, we have that  
d(x) 
u i (x , t )  1, as t - -~Tand v~- t  
' d(x) 
]ui(x't)[°° O, as t - - ,Tand  v~------~-t 
In other words, the size of  the boundary layer decays like ~ t. 
~ -+ 0. 
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